CLUSTER MULTIPLICATION IN REGULAR COMPONENTS 
VIA GENERALIZED CHEBYSHEV POLYNOMIALS 



G. DUPONT 



Abstract. We introduce a multivariate generalization of normalized Cheby- 
shev polynomials of the second kind. We prove that these polynomials arise in 
the context of cluster characters associated to Dynkin quivers of type A and 
representation-infinite quivers. This allows to obtain a simple combinatorial 
description of cluster algebras of type A. We also provide explicit multipli- 
cation formulas for cluster characters associated to regular modules over the 
path algebra of any representation-infinite quiver. 
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1. Introduction 

Cluster algebras were introduced by Fomin and Zelevinsky in [FZ02 in order 
to give a combinatorial framework for studying positivity in algebraic groups and 
canonical bases in quantum groups. Since, they were subject to various devel- 
opments in areas like combinatorics, Lie theory, Teichmuller theory and quiver 
representations. 

By definition, a (simply-laced, coefficient-free) cluster algebra is a commutative 
algebra generated by a set of variables, called cluster variables, consisting of possibly 
overlapping sets, all of the same finite cardinality, called clusters. The initial data 
for constructing a cluster algebra is a pair (Q,u) where Q = (Qo, Qi) is a quiver 
without loops and 2-cycles, where Qo denotes the (finite) set of vertices, Q\ the 
(finite) set of arrow and u = G Qo) is a Qo-tuple of indeterminates over Q. 

The corresponding cluster algebra is denoted by A(Q). It is a subring of the ring 
Z[u ±:L ] of Laurent polynomials in the Mi's. If Q has no oriented cycles, it is called 
acyclic and A(Q) is called an acyclic cluster algebra. 

Categorifications of cluster algebras via representation theory of quivers were 
initiated in [MRZ03] . Since, it appeared that triangulated 2-Calabi-Yau categories 
provide a fruitful way for categorifying a wide class of cluster algebras (see |Kel08j 
and references therein). Given such a categorification of a cluster algebra A, one has 
a notion of cluster character in the sense of Palu, which allows to realize explicitly 
cluster variables in A from objects in the corresponding category [Pal08[ [FK07] . 

l 
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The relevant triangulated 2-Calabi-Yau category for studying an acyclic clus- 
ter algebra A(Q) is the cluster category Cq introduced in [BMR+06 (see also 
|CCS06| ). The corresponding cluster character, in this case, is the so-called Caldero- 
Chapoton map first introduced in [CC06 for Dynkin quivers and later generalized 
to the acyclic case in [CK06]. The Caldero-Chapoton map is an explicit map 
X? : Ob (Cq) — ► Z[u ±1 ] from the set of objects in Cq to the ring of Laurent polyno- 
mials in u. Caldero and Keller proved that if Q is any acyclic quiver, then cluster 
variables in A(Q) are precisely the characters Xm where M is an indecomposable 
rigid (that is, such that Ext^ Q (M, M) = 0) object in Cq |CK06j . 

Besides this property, the Caldero-Chapoton map also endows the acyclic cluster 
algebra A(Q) with a structure of Hall algebra on the cluster category Cq. Namely, 
if M and N are two objects in the cluster category Cq such that Ext^ Q (M, N) ^ 0, 
the product XmXn can be expressed as a Q- linear combination of Xy's where Y 
runs over isoclasses of middle terms of triangles involving M and N. This property 
was first proved for Dynkin quivers in CK08 . It was generalized to arbitrary 
acyclic quivers when Ext- Q (M, N) is one-dimensional in [CK06] and finally proved 
in general in [XX07] . Recently, Palu has obtained a similar multiplication formula 
for arbitrary cluster characters on Horn-finite 2-Calabi-Yau triangulated categories 
[Pal09| . 

The very first illustration of the structure of Hall algebra of the cluster algebra 
was given by Caldero and Chapoton in terms of (finitely generated) modules over 
the path algebra kQ of Q where Q is an acyclic quiver and k is an algebraically 
closed field. The authors observed that if M is a non-projective indecomposable 
fcQ-module, then XmX t m = Xb + 1 where B is the middle term of the almost split 
sequence ending at M }CC06| Proposition 3.10]. When the considered module M 
belongs to an homogeneous tube in the Auslander-Reiten quiver T(kQ) of kQ-mod, 
it was observed by Caldero and Zelevinsky that the above multiplication property 
for almost split sequences gives rise to normalized Chebyshev polynomials of the 
second kind |CZ06j (see Section [3] for definitions). 

In this paper, we prove that if Q is any quiver of infinite representation type or 
if Q is of Dynkin type A with a linear orientation, the multiplication property for 
almost split sequences gives rise to so-called cluster-mesh relations and to a fam- 
ily of polynomials called generalized Chebyshev polynomials which are multivariate 
generalizations of normalized Chebyshev polynomials of the second kind. These 
polynomials are also likely to have an interplay with the theory of orthogonal poly- 
nomials in several variables. 

The initial aim of this paper was to give a simplified version of Xiao-Xu's mul- 
tiplication theorem for two characters Xm and Xm in the case where M and N 
are indecomposable modules in a same regular component of the Auslander-Reiten 
quiver T(kQ) where Q is any acyclic quiver. This is achieved using generalized 
Chebyshev polynomials. The statement we provide is less general but slightly more 
precise that the one given by Xiao and Xu in [XX07] . 

Studying these polynomials, it turned out that Generalized Chebyshev polyno- 
mials can also be used in order to give a simple presentation of a cluster algebra 
of Dynkin type A. Also, using cluster-mesh relations, we introduce the notion of 
cluster-mesh algebra of a stable translation quiver. These cluster-mesh algebras are 
of particular interest for studying certain subalgebras of an acyclic cluster algebra. 

Note that a deformed version of these generalized Chebyshev polynomials fitting 
to the context of acyclic cluster algebras with coefficients was recently introduced 
bu the author |Dup09| . 

The paper is organized as follows. In Section we give necessary background 
and state our main results. In Section [3J we introduce cluster-mesh relations and 
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generalized Chebyshev polynomials. In Section [H we study cluster algebras as- 
sociated to Dynkin quivers of type A through the lens of generalized Chebyshev 
polynomials. In Section El we prove that generalized Chebyshev polynomials arise 
in the context of cluster characters associated to regular /cQ-modules when Q is of 
infinite representation type. In Section [SI we introduce the notion of cluster-mesh 
algebra of a translation quiver and investigate some particular examples. Finally, 
Section [7] is devoted to the proof of a multiplication formula for indecomposable 
modules in a regular component of the Auslander-Reiten quiver Y{kQ) of fcQ-mod 
when Q is any representation-infinite quiver. 

2. Background and main results 

In this section, we briefly recall the necessary background concerning cluster 
categories and cluster characters. For a general overview of these notions, we refer 
to the survey |Kel08j and references therein. 

2.1. Cluster categories and the Caldero-Chapoton map. Throughout the 
paper, k denotes an algebraically closed field. Let Q = (Qo,Qi) be an acyclic 
quiver. We denote by fcQ-mod the category of finitely generated left /cQ-modulcs 
over the path algebra kQ of Q which we will usually identify with the category 
rep(Q) of finite dimensional representations of Q over k. For any vertex i £ Qq, we 
denote by Si the simple module associated to vertex i, by Pi its projective cover 
and by Ii its injective hull. We denote by r the Auslander-Reiten translation on 
fcQ-mod and by (— , — ) the Eulcr form on fcQ-mod given by 

(M, N) = dim Hom feQ (M, N) - dim Ext^g (M, N). 

Since kQ-mod is hereditary, (— , — ) is well defined on the Grothendieck group 
Ko(kQ) of fcQ-mod. We denote by dim : fcQ-mod — >lfl n the dimension vector 
given by dimAf = (dim Hom^Q (Pj, M))i 6 Q for any /cQ-niodule M. Note that 
dim induces an isomorphism of abelian groups Ko(kQ) ~ identifying the 
class of the simple module Si with the i-th vector on of the canonical basis of 
for any i G Qq. 

Let D b (kQ) the bounded derived category of Q equipped with shift functor 
[1] and Au slander-Reiten translation r. The cluster category, as introduced in 
[BMR+06] , is the orbit category Cq = D b (kQ)/F where F = r _:L [l] is an auto- 
equivalence of D b (kQ). Keller proved that the cluster category is a triangulated 
category and that the canonical functor D b (kQ) — >Cq is triangulated Kcl05j. The 
set ind(Cg) of indecomposable objects in Cq can be described as follows : 

ind(Cg) = indOQ-mod) U {P l [l]\i G Q } • 

It is proved in [BMR + 06] that the cluster category is 2-Calabi-Yau, meaning that 
there is a bifunctorial duality 

Ext^(x,y)~DExt^(y,x) 

for any two objects X, Y in Cq where D — Homj-(- , k). Moreover, if X and Y are 
fcQ-modules, then 

Ext£ Q (X, Y) ~ Ex4 Q {XX)® DExtl Q (Y, X). 

It follows from the above equality that a /cQ-module is rigid in fcQ-mod if and 
only if it is rigid in Cq. An object M is called basic if any two distinct direct 
summands of M are non-isomorphic. An object T in Cq is called cluster-tilting if 
T is rigid, basic and if Exti (T, X) = implies X G add(T). 
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The cluster category Cq is known to provide a fruitful categorification of the 
acyclic cluster algebra A{Q) with initial seed (Q, u) (see e.g. |BMR + 06j[BMRT071 
ICC06[ICK06] ). In [CC06llCK06] . the authors introduced a map 

X? : Ob (C Q ) — ^[ir"] 

from the set of objects in the cluster category to the ring of Laurent polynomials 
Z[u ±1 ] containing the cluster algebra A{Q). This map is a normalized generating 
series for Euler characteristics of certain algebraic varieties, called grassmannians 
of submodules. Given a fcQ-module M and a dimension vector e £ the 
grassmannian of submodules of M of dimension e (also called quiver grassmannian 
in the literature) is the set 

Gr e (Af) ={N C M submodule such that dim TV = e} . 

It is a projective variety as it is a closed subset of the grassmannian of fc-vector 
spaces. It is thus possible to consider its Euler characteristics (of the underlying 
topological space if k — C is the field of complex numbers or of Z-adic cohomology 
if k is arbitrary). We denote it by x(Gr e (M)). 

Definition 2.1. The Caldero-Chapoton map on Cq is the map 

X? : Ob (C Q ) — ► Z^ 1 ] 

defined as follows : 

(1) If M is an indecomposable fcQ-module, then 

(1) X M =£ X (Gr e (M)) J] u -^)-^AimM-e) . 

e ieQo 

(2) If M = Pi[l] for some i G Q , then 

Xm = Ui ; 

(3) For any two objects M, N of Cq, 

Xm(bn = XmXn. 

Note that X? is constant on isoclasses and equality fl} also holds for decom- 
posable /cQ-modules. This map is now known to be a particular case of cluster 
character in the sense of Palu [Pal08;. For this reason, for any object M in the 
cluster category, Xm will sometimes be called the cluster character or simply char- 
acter associated to M. 

The main motivation for studying the Caldero-Chapoton map is the following 
theorem : 

Theorem 2.2 ([CK06J). Let Q be an acyclic quiver. Then X-? induces a 1-1 cor- 
respondence from the set of indecomposable rigid objects in Cq to the set of cluster 
variables in A(Q). Moreover, X? induces a 1-1 correspondence from the set of 
cluster-tilting objects in Cq to the set of clusters in A(Q). 

In BMRT07 , the authors provided a surjective map a from the set of cluster 
variables in A(Q) to the set of indecomposable rigid objects in Cq. It is known 
that X? is a left inverse to the map a. Thus, when one only consider rigid objects, 
both approaches developed respectively in [CC061 ICK081 ICK06] and in |BMRT07j 
are equivalent. Nevertheless, in our context, we will mainly deal with cluster char- 
acters associated to indecomposable regular modules over the path algebra of a 
representation-infinite quiver and it is known that all but finitely many such mod- 
ules are non-rigid. From this point of view, the fact that the Caldero-Chapoton 
map allows to consider non-rigid objects in Cq is essential. Note that it will ap- 
pear in Corollary that these characters associated to non-rigid objects may also 
belong to the cluster algebra. 
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As we already mentioned, the Caldero-Chapoton map also endows A{Q) with a 
structure of Hall algebra on the cluster category. The following theorem, illustrating 
this fact, will be of particular interest throughout the paper : 

Theorem 2.3 ([CK06J). Let Q be an acyclic quiver and M,N be two indecompos- 
able objects in Cq such that Ext^ Q (M, iV) ~ k, then XmXn = Xb + Xb i where 
B and B' are the unique (up to isomorphism) objects in Cq such that there exists 
non-split triangles 

M — >B — >N — >M[1] andN — > B' — > M — >N[1\. 

Actually, in this paper, we will mainly use the following classical module-theoretic 
interpretation of the above theorem which first appeared in |Hub06j . We give a 
proof for completeness. 

Corollary 2.4. Let Q be an acyclic quiver and M, N be two indecomposable kQ- 
modules such that Ext^.g(M, N) ~ k and Ext^.g(A r , M) = 0. Then, XmXn = 
Xe + Xb where E is the unique (up to isomorphism) kQ-module such that there 
exists a non-split exact sequence 

— ► N — ► E — > M — ► 

in kQ-mod and B = ker/ © r _1 coker/ where f is any non-zero morphism in 
Rom kQ (N, tM). 

Proof. Let M and iV be two indecomposable modules such that Ext \q (M, N) ~ k 
and ExtJ.g(iV, M) = 0. There exists a unique (up to isomorphism) /cQ-module E 
such that there is a non-split exact sequence of fcQ-modules 

— > N — ► E — > M — ► 0. 

This short exact sequence induces a non-split triangle 

N — >E — >M — >N[l] 
in D h (kQ) which induces a non-split triangle 

N — >E — >M — >N[1] 

in Cq. According to the Auslander-Reiten formula, there are isomorphisms of k- 
vector spaces HomfcQ (JV, tM) ~ ExtJ.g(M, N) ~ k. Fix a non-zero morphism 
/ £ HomfcQ(A^, tM), then there is a non-split triangle 

tM[-1] — >N — >cone(/)[-l] -4 tM 
in D b (kQ) where cone (/) = ker/[l] © coker/. Thus, there is a non-split triangle 

M — >N — ► ker/ ©r" 1 coker / ^ M[l] 

in C Q . Since, Ext^ Q (M, N) ~ Ext^ Q (Af, N) © DExtl Q {N,M) ~ k, Theorem O 
gives XmXn = Xe + Xb, which proves the corollary. □ 

2.2. Auslander-Reiten theory of representation-infinite quivers. We fix a 

representation- infinite acyclic quiver Q. We shall briefly recall classical results on 
the Auslander-Reiten theory of kQ. The Auslander-Reiten quiver of fcQ-mod is 
denoted by T(kQ). It contains infinitely many connected components. There is 
one component containing all the projective (resp. injective) fcQ-modules which is 
called the preprojective component (resp. preinjective component). The compo- 
nents which are not preprojective are called regular components. An indecompos- 
able module is called regular if it belongs to a regular component. A decomposable 
module is called regular if all its indecomposable direct summands are regular. 
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The structure of regular components in T(kQ) is well known. For a quiver R = 
(Rq, Ri), we recall that the repetition quiver ZR associated to R is the quiver with 
vertex set Z x Rq and whose arrows are given by (n, i) — ► (n, j) and (n, j) — ► (n + 
1, i) for any arrow i — > j in Ry. Let Aoo be the quiver with vertex set N and with 
arrows i — >i + 1 for any i £ N. Then ZAqo is a stable translation quiver for the 
translation r given by r(i, n) = (i — 1, n). Then, for every regular component TZ in 
T(kQ) there exists an integer p > such that TZ is of the form ZA 00 /(t p ) which is 
also denoted ZA^/ip) |ARS97( Section VIII.4]. 

If p > 0, TZ is called a tube of rank p. If p = 1, TZ is called homogeneous and if 
p > 1, 7?. is called exceptional. If Q is an affine quiver, then the regular components 
form a family of tubes parametrized by P 1 (fc) and at most three of these tubes are 
exceptional |Rin84j . Moreover, it is known that if TZ is a tube in fcQ-mod, then 
TZ is standard, that is, the full subcategory generated by indecomposable objects 
in TZ is equivalent to the mesh category of TZ. If Q is a wild quiver, then regular 
components in T(kQ) are all of the form ZAoo [Rin78j . 

We now return to the case where Q is any acyclic representation-infinite quiver 
and we fix a regular component TZ in T(kQ) which of the form ZA oa /(p) for 
some p > 0. An indecomposable fcQ-module X in TZ is called quasi-simple if it 
is not a direct summand of the middle term of an almost split sequence in kQ- 
mod. We denote by Ri,i G Z the quasi-simple modules in TZ ordered such that 
ri?i ~ Ri-\ and Ri+ P — Ri for any i £ Z. For any indecomposable fcQ-module 

M in TZ, there exists an unique sequence of monomorphisms = R\ — ► Ri = 

r\ 1] — >i?,[ 2) — ► vi4 n) = M such that R\ k) /R^ 1} is quasi-simple in TZ for 

any k = 1, . . . ,n. The quotients R^ /R^ k for k = 1, . . . ,n are called the quasi- 
composition factors of M, Ri is called the quasi-socle of M and n is called the 
quasi-length of M. Note that if we set = R^ / R\ k ~^ for any k = 1, . . . ,n, we 
have rMfc = Mk-i for any fc = 2, . . . , n. 

2.3. Main results. We will introduce the family of generalized Chebyshev polyno- 
mials {P n } n >Q given by Pq = 1, P\{x) = x and for any n > 1, P n is the polynomial 
in n variables given by 

"^71+1 1 ■ ■ • ) ) X n J r \P n {X\ , . . . , X n ) P n — \ (x\ , . . . , X n — \ ) . 

We will prove in Lemma 13.21 that these polynomials are characterized by the cluster 
mesh relations : 

jj / \ Pn \%\ ) • • • 3 Xji)P n {X2 , • ■ - , ) 1 

Si, ■ ■ ■ ,2^+1 J = -. r 

Pn-l(X 2 , ■■■,X n ) 

for any n > 1. 

These generalized Chebyshev polynomials provide a simple presentation of a 
cluster algebra of Dynkin type A in the sense of |FZ03j : 

Corollary 14.51 Let r > and A be a cluster algebra of Dynkin type A r . Then 
there is an isomorphism of Z-algebras 

A~Z[t ,...,t r }/(P r+1 (t ,...,t r ) - 1) 

where to, ■ ■ ■ , t r are indeterminates over Z. 

We also prove that for any representation-infinite quiver Q and any indecompos- 
able regular fcQ-module M, the character Xm can be expressed as a generalized 
Chebyshev polynomials in the characters associated to its quasi-composition fac- 
tors. Namely, we prove : 

Theorem 15. 11 Let Q be a quiver of infinite representation type. Let TZ be a regular 
component of the form Z,A oa /(p) for some p > in T{kQ). Let {Ri\i G Z/pZ} 
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denote the set of quasi-simple modules in 1Z ordered such that rRi ~ Ri-i for any 
i £ Z/pZ.. Then, for any n > 1 and any i £ TLjpL, we /iai/e 

= ^n(-^JJi) ■ ■ ■ i-Xfli+n-i)' 

As a corollary, we can prove that a certain family of cluster characters associated 
to non-rigid indecomposable objects does belong to the cluster algebra A{Q) : 

Corollary 15.21 Let Q be an acyclic quiver and M be an indecomposable regular 
kQ-module with rigid quasi- composition factors. Then, Xm £ A(Q). 

Combinatorics of generalized Chebyshev polynomials together with Theorem 1 5. II 
allow to prove multiplication formulas for cluster characters associated to regular 
fcQ-modules. Namely, we prove for affine quivers : 

Theorem 17.11 Let Q be an affine quiver and T be a tube of rank p in T(kQ). Let 
Ri,i £ Z denote the quasi-simple modules in T ordered such that rRi ~ Ri-i and 
Ri+ P ~ Ri for any i 6 Z. Let m, n > be integers and j £ [0,p— 1], Then, for 
every k £ Z such that < j + kp < n and m > n — j — kp, we have the following 
identity : 

X {m)X ( n ) = X „(m+j + kp)X („_j_ fcp ) + X (j + kp-l)X (m + j + kp-n-l) ■ 

and prove in Corollary [72] that this can be interpreted as a Hall product. 
We also obtain a similar description for wild quivers : 

Theorem l7.5l Let Q be a wild quiver and 1Z be a regular component in T{kQ). Let 

Ri,i G Z denote the quasi-simple modules in T ordered such that rRi ~ Ri-i for 
any i £ Z. Let m,n > be integers and j > such that < j < n and m > n — j . 
Then, we have the following identity : 

X ( m )X (n) = X „(m + j) X + X ( j !- 1 ) X (m+ j - n - 1 ) . 



3. Cluster-mesh relations and generalized Chebyshev polynomials 

3.1. Generalized Chebyshev polynomials of infinite rank. Throughout the 
paper, {U\i £ Z} denotes a family of indeterminates over Z. We also fix {xi\i £ Z} a 
family of indeterminates over Z. We define a family {xi, n \i £'L,n> 1} of elements 
in Q(xi\i £ Z) by setting, for any n > 1, 

(2) ^z,n^z+l,n — •Ei.n+l^i+l.n— 1 ~l~ 1 

where x^.o = 1 and Xi t i = Xi for any i £ Z. 

We label vertices in ZAqo with {xj jn |i £ Z, n > 1} by identifying (z, n) with Xi >n 
for any i £ Z and n > 1. Equality ([2]) is called a cluster mesh relation. The 
following figure enlightens the chosen terminology. 
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^0,0 £1,0 

Figure 1 . Cluster- mesh relations 



Lemma 3.1. For any n > 1, there exists a rational function P n 6 Q(ti, ■ ■ ■ ,t n ) 
such that 



Fn{-Ti: • • • : *^z+n— l) 



for any i £ Z. 



Proof. We prove it by induction on n. By convention, we set Pq = 1. If n = 1, the 
result clearly holds and P\{t) — t. Since for any n > 1 and for any i S Z, we have 



^i,n^i-\-l,n 1 -^n v^i ) ■ ■ ■ j ^i+n— 1 )Pn j • ■ ■ ; •Ei-\-n ) 1 



^i+1, ra— 1 Pn — 1 : ■ ■ • )^i+n— l) 

Thus, cc, in+ i = P ra+ i(a;j, . . . ,x i+n ) where 

Pn(t0: ■ ■ ■ : t n -l)Pn{tl, ■ ■ ■ , t n ) ~ 1 



Pn+l{to, ■ ■ ■ > tn) 

This proves the lemma. 



Pn-i{ti, ■ ■ ■ , t n -i) 



a 



We now prove that the rational functions P n satisfy a relation analogous to 
three terms recurrence relations in the theory of orthogonal polynomials in several 
variables (see e.g. |DX01j ). 

Lemma 3.2. For any n > 2, we have 

P n {to, ■ ■ ■ , = t n - l-Pii-l(£o, • ■ ■ 7 in— 2j — Pn-2{to, ■ ■ ■ , tn-3) 

Proof. We prove it by induction on n. For n = 2, we compute directly 

P 2 (t ,t 1 ) = t Q h - 1 = iiPi(t ) - P . 
According to the proof of lemma 13.11 we know that 

Pn{to, ■ ■ ■ , t n -i)P n (ti, . . . , t n ) — 1 



Pn+iifa, . . . ,t n ) 



Pn-l{tl, ■ ■ ■ , t n -l) 
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By induction, P n {t\, ...,<„) = t n Pn-i{h, ■ ■ ■ , t n -i) - P n -2(h, ■ ■ ■ ,tn-z) so that wc 
get 

P n {to, ■ ■ ■ , t n _i)P n -2(tl, ■ ■ ■ , t rl -2) + 1 



Pn+l{tOi ■ ■ ■ ! tn) — tnPn(to, ■ ■ ■ 1 t n -l) 

Since 



Pn-i(ti, ■ ■ ■ , t rl -i) 



Pn(to, ■ ■ ■ , t n -l)Pn-2(tl, ■ ■ ■ , t n -2) + 1 — Pn-l(to, . . . , t n -2)Pn-l(tli ■ ■ ■ j ^n-l)) 

we get 

Pn+l(to, ■ ■ ■ , tn) = t n P n (to, . . . , t n -i) — P n -i(to, . . . , t n — 2) 

which proves the lemma. □ 

As a corollary, we obtain the polynomiality of the P n and we can moreover 
provide an explicit formula for these polynomials using determinental expressions. 

Corollary 3.3. For any n > 1, P n {to, ■ ■ ■ ,t n ) is the polynomial with integral coef- 
ficients given by 



P n (t , ...,*„) = dct 



t n 1 
1 



(0) 



(0) 



1 t 



Proof. The identity is obtained by induction, noticing that the expansion of the 
determinent with respect to the first column is precisely the relation given in Lemma 
Polynomiality follows obviously from this identity. □ 



Definition 3.4. For any n > 1, P n is called the n-th generalized Chebyshev poly- 
nomial of infinite rank of simply n-th generalized Chebyshev polynomial. 

Example 3.5. The first five generalized Chebyshev polynomials of infinite rank 
are 



Pi(to) 


to 


P2(t ,h) 


t h - 1 


Pi{to, tl,t2) 


totlt2 — to ~ t2 


Pi{to, tl, t2, t^) 


totlt2t3 — toti — <2^3 — ^0*3 + 1 


P5\t0i tl, t2, t$, £4) 


totltit^t^ — totlt2 — totit*! — t2^3^4 + ^2 — ^0^3^4 + ^0 + ^4 



3.2. Generalized Chebyshev polynomials of finite ranks. For anyp > 1, the 
abelian group pZ acts by homomorphisms of Z-algebras on 7L\xi\i £ Z] by 

kp.Xi = Xi+kp 

for any i, k S Z. We denote by 

7T P : Z[xi\i G Z] >7L\xi\i G Z]/pZ 

the canonical map. 

Then, there exists a unique polynomial P„ jP £E Z(io, ■ ■ ■ , ip-i) such that 

7T*p (*Ei,7i ) — Pn,p{ltp{*Ci) , • ■ • , ^p (*£?+n — 1 ) ) 

for any i € Z, n > 1. 

Definition 3.6. For any n > 1 and p > 1, P n . P is called the n-th generalized 
Chebyshev polynomial of rank p. 
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We recall that for any n > 1, the classical n-th normalized Chebyshev polynomial 
of the second kind is the polynomial S n (x) e Z[x] characterized by So = 1, Si(x) — 
x and S n+ i(x) = xS n (x) — S n -\(x) for any n > 1. The following straightforward 
lemma justifies the terminology of generalized Chebyshev polynomials : 

Lemma 3.7. For any n > 0, the n-th generalized Chebyshev polynomial of rank 1 
is the n-th normalized Chebyshev polynomial of the second kind. 

Example 3.8. The first five generalized Chebyshev polynomials of rank one are 



^1,1 (*o) 


to 


^2,1 (to) 


to-1 


^3,1 fa) 


to — 2io 


f 4 ,i(to) 


4 - 3tg + 1 


^5.1 (t ) 


to — 4£ 3to 



The first five generalized Chebyshev polynomials of rank two are 



Pl,2(to, tl) 


to 


^2,2^0, ti) 


toti - 1 


^3,2^0, ti) 


tgii — 2to 


f4,2(t ,tl) 


t'^tf — 3toti + 1 


P5, 2 (to, tl) 


4t( - Atfa + 3t 



The first five generalized Chebyshev polynomials of rank three are 



-Pi, 3 (to, ti, t 2 ) 


to 


P2,3(to,tl,t 2 ) 


toti - 1 


^3,3(t ,tl,t 2 ) 


t{)t\t2 — to — t2 


-P4,3(to, tl, t2) 


t2tgtl — totl — t2to — to + 1 


-P5,3(to, tl, t2) 


totft2 — tfltl — toti — 2totlt2 + to + tl + ti 



The first five generalized Chebyshev polynomials of rank four are 



PiAtoMMM) 


to 


^2,4^0, tl, t2, tz) 


toti - 1 


-f3,4(to, tl, t2, t3) 


totlt2 — to — t2 


-f4,4(to, tl, t2, t 3 ) 


tat\t2ts — toti — t 2 t3 — tots + 1 


-f5 : 4(to, tl, t2, t 3 ) 


toht 2 t-i — tot\t2 — t'oti — tgt2t3 + t2 — ^3 + 2to 



The first five generalized Chebyshev polynomials of rank n for n > 5 and the 
first five generalized Chebyshev polynomials of infinite rank. 

4. Generalized Chebyshev polynomials and cluster algebras of type 

A 

We now prove that generalized Chebyshev polynomials arise in the context of 
cluster algebras associated to equioriented quivers of Dynkin type A. For any 
r > 0, we denote by Q r the quiver of Dynkin type A r equipped with the following 
orientation 

Q r - 1-* 2-« e r-1. 

For any i e [0, r — 1], we denote by Si the simple kQ r -modu\e associated to the 
vertex i and for any n G [1, r — i — 1] we denote by Sj™^ the unique indecomposable 
module with socle Si and length n. By convention, S^ denotes the zero module. 
We denote by X? the Caldero-Chapoton map associated to the quiver Q r . 
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Proposition 4.1. Let r > 1, then for any i £ [0, r — 1] and any n G [l,r — i], we 
/iave 

X s („> = F„(X Si , . . . , A~s i+n _J. 

Proof. We prove it by induction on n. If n = 1, the result clearly holds. Let n > 1 
and fix some indecomposable fcQ r -module S"| n ^ . Then i is not equal to r — 1 since 
there are no modules of length > 2 and socle SV-i- Thus, there is an almost split 
sequence of fcQ r -modulcs 

0^ sf"- 15 — ► Si n) © Sfc a) — — 0. 



It follows from [CC061 Proposition 3.10] that 



By induction, we get 



X s (n-l)X s 



= ! y — 

A-(«-2) 



_ -Pn-lPCs;, . . . , A"5 i+n _ 2 )P n _i(A'5 i+1 , . . . , A"s s+n _ 1 ) - 1 



P n -2(Xs i+1 , ■ ■ ■ ,X Si+n _ 2 ) 
= Pn(X Sz , ■ ■ ■ ,Xs i+n _ 1 ) 

which proves the proposition. □ 

Corollary 4.2. Let r > 1. For every i G [0,r — 1], set v! i — imf/i 
tt_i = u r = 1. Then, there are isomorphisms of Z- algebras : 

(1) ^(Q r )~Z[«i s u<|» e [0,r-l]]/ 

(2) ^Q r )~Z[tio,«J|iG[0,r-l]]. 

Proof. According to [CC06 , cluster variables in ^4.(Q r ) are either initial cluster 
variables or Xm where M is an indecomposable fcQ r -module. Since every inde- 
composable fcQr-module is of the form , it follows from Proposition 14.11 that 



A(Q r ) is generated as a Z-algebra by the initial cluster variables uq, . . . , u r -\ and 
the Xsi for i € [0, r — 1]. Now a direct computation shows that Xs t = u\ for every 
i <E [0, r — 1]. This proves the first assertion. 

In order to prove the second assertion, we notice that for every i £ [0, r — 2], 
u s ;+i = — Uj_i so that Ui+i G Z[u^,u^|0 < j < i]. By induction, any of the Ui 
for z > 1 belongs to Z[uq, u'^i G [0, r — 1]]. This proves the second assertion. □ 



Remark 4.3. The first point of Corollarv l4.2l is a particular case of a result obtained 
independently (in a wider context) in BFZ05J. Indeed, for every i G [0, r — 1], the 
Laurent polynomial u[ is a cluster variable such that u \ {it;} U {u^} is the cluster 
obtained from the initial seed by mutating along the direction i. It thus follows 
from BFZ05, Corollary 1.21] that u , . . . , u r , u' , . . . , u' r generate the cluster algebra 
A(Q r ). 

We now prove the algebraic independence of characters associated to simple 
/cQ r -modules. Results in this direction are usually obtained using gradings on the 
cluster algebra (see e.g. |CK08j ) but in this case, we can provide a very elementary 
proof using generalized Chebyshev polynomials. 

Lemma 4.4. Let r > 1 and Sq, . . . , S r be the simple kQ r -modules. Then, the set 
{Xs , . . . , Xs r _! } is algebraically independent over Z. 
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Proof. We compute 

Pr+l(Xs , ■ ■ ■ ,Xs r _ 1 ,U r -l) = U r -iP r (X Sa , . . . 1 X Sr _ 1 ) - P r -i(Xs , ■ ■ ■ 1 X Sr _ 2 ) 

= Xp r _ 1 [i]X Pr _ 1 - X Pr _ 2 

There are fc-linear isomorphisms Ext c (P, — i[l], P, — i) ~ Ext^ Q (P r -i, P r -i[l]) c 
k and the corresponding triangles are 

P r -1— >0— >P r _i[l]— >P r _i[l], 
Pr-l[lj ► Pr-2 >Pr-l >P--l[2] — S r -1. 

Applying Caldero-Keller's one-dimensional multiplication theorem [CK06 gives 

Xp r _ 1 [i]X Pr _ 1 = X Pr _ 2 + 1. 

And thus, 

(3) P r+1 (X Soi ■ ■ ■ 1 X Sr _ 1 ,u r ^i) = 1. 

We get 

P r -i(X So ,...,X Sr ._ 2 ) + l ^^ /v , 

Pr{X So , ■ ■ ■ , -X-Sr-l) 



From the second point of Corollary 14.21 we thus know that each Ui belongs to 
Q(Xs , . . . , Xs r _ 1 ) when i runs over [0, i — 1]. It follows that { Xs , ■ ■ ■ , Xs r _ 1 } is 
a transcendence basis for Q(uo, ■ • ■ , □ 

We can now give a a presentation of the cluster algebra A(Q r ) by generators 
and relations. 

Corollary 4.5. Let r > 1 6e an integer and A be a cluster algebra of Dynkin type 
A r . Then, there is an isomorphism o] " Z- algebras 

A~Z[t ,...,t r }/(P r+1 (t o ,...,t r ) - 1) 

where to, . . . ,t r are indeterminates over Z. 

Proof. Since A is of Dynkin type A r , there is an isomorphism of Z-algebras A ~ 
A(Qr). Let A' = Z[to, ■ ■ ■ ,t r ]/(P r+ i(t , ...,t r ) ~ 1). According to equation ([3|), 
there is a surjection A — >A(Q r ) sending t r t~ > u r _i and U >— > As i for every 
ie[0,r-l]. 

Now, consider the elements yoj • • • , Mr i n A 1 given by y$ = to and 

Vi+i = ViU - Ui-x 

for i > with y_i = y r — 1. In particular, for every z S [0, r — 1], we have 

_ 2/i-i + y»+i 

X-i 

Vi 

Thus, 

,A(Q r ) = Z[u l ,A s Jie [0,r-l]]/(uiX Si = tti-i + 
with u_i = u r = 1 and there is an inverse map A(Q r ) — * A' sending it; i— > ?/i and 
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5. Generalized Chebyshev polynomials and regular modules 

In this section, we prove that generalized Chebyshev polynomials arise in the 
context of characters associated to regular modules over the path algebra of a 
representation-infinite quiver. 

Theorem 5.1. Let Q be a quiver of infinite representation type. Let 1Z be a regular 
component of the form Z,A oa /(p) for some p > in T{kQ). Let {Ri\i G Z/pZ} 
denote the set of quasi-simple modules in 1Z ordered such that rRi ~ Ri-i for any 
i G Z/pZ. Then, for any n > 1 and any i G Z/pZ, we have 

X R ( n ) = P n (X Rz , . . . ,X Rz+n _ 1 ). 

Moreover, if p > 0, then 

X R w = P n , P {X Rl , . . . ,X Ri+p _ 1 ). 
Proof. For every i G Z/pZ and any n > 1, there is an almost split sequence 

0^ R^ l) ^ i?.[ n+1) © R^^R^^O. 
Thus, the corresponding characters satisfy the cluster mesh relation 

X R (,n)X R (n^ = X R ( n + l)X R (n-l) + 1. 

Now consider the epimorphism of Z-algebras p : Z[xi\i G Z] — >Z[X Ri \i G Z/pZ] 
sending Xi to X Ri where the index of Ri is taken in Z/pZ. It thus follows directly 
from the cluster mesh relation that 

X R (n) = p(xi <n ) = p(P n (xi, . . .,x i+n -i)) = P n (X Ri ,. . . ,X Ri+n _ 1 ) 
which proves the first assertion. If p > 0, it thus follows that 

P„ {X Ri , ■ ■ ■ ,X Ri+n _ 1 ) — P nyP (X Rz , . . . ,X Rt+p _ 1 ) 

and the second assertion is proved. □ 
As a corollary, we get : 

Corollary 5.2. Let Q be an acyclic quiver and M be an indecomposable regular 
kQ-module with rigid quasi- composition factors. Then, Xm G A{Q). 

Proof. Let n be the quasi-length of M and R be the quasi-socle of M. Then, the 
quasi-composition factors of M are R, t~ 1 R, . . . , r _ ^" _1 'i?. Theorem 15.11 implies 
that 

Xm = P n {X R , X T -i R , . . . , X T -(n-i) R ). 

Since t~ 1 R is rigid for every i = 1, . . . , n — 1, Theorem 12 . 2 1 implies that each X T -i R 
is a cluster variable in A(Q). Thus, Xm is a polynomial in cluster variables and 
thus belongs to A(Q). □ 

Example 5.3. Fix Q an affine quiver and M an indecomposable regular fcQ-modulc 
in an exceptional tube T of T(kQ). It is well known that quasi-simple modules in 
T are always rigid (see e.g. |Rin 84 ). In particular the quasi-composition factors 
M of N arc rigid and thus, by Corollary IQ1 X M G A{Q). 

Example 5.4. Let Q is a wild quiver and M is a regular fcQ-module such that 
Endfcg(A/) ~ k. Assume moreover that M has quasi-length at least 2. Then, it 
is known the quasi-composition factors of M are rigid (see e.g. |SS07( Chapter 
XVIII]) and thus, by Corollary E21 X M e A(Q). 
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6. The cluster-mesh-algebra of a stable translation quiver 

We now introduce the notion of cluster mesh algebra of a stable translation 
quiver. For general results concerning stable translation quiver, we refer to |Rie80j . 

Definition 6.1. The cluster mesh algebra associated to the stable translation quiver 
(r,r) is 

A(T,t) = Z[ Vl \i G T }/( yi y T(i) = 1+ J] »l<e r ) 

j — . i 

where {yi\i G Tq} is a family of indeterminates over Z. 

Example 6.2. The quiver ZAoo is a stable translation quiver for the translation 
r((i,n)) = (i — l,n) for every i 6 Z, n > 1. Since x^ n — P n (xi, ■ ■ . ,Xi+ n -\) for 
every i G Z, n > 1, it is straightforward to see that the cluster mesh algebra of the 
quiver (ZA^ , r) is 

^(ZAoc-r) = Z[xi\i G Z]. 
Example 6.3. Let r > 1, we consider the Mobius band 

M r+ i = ZA<x,/({(i,n) -(i + n-l,r-n + l)|i eZ,n> 1}) 
with the translation t induced by the translation on ZA^. Then, we have 

^4(A<r+l,r) = Z[t , • • • , tr]/(Pr+l(to, . . • , *r) - 

In particular, it follows from Corollary 14.51 that there is a an isomorphism of Z- 
algebras 

.A(Q r ) ~-A(-M r+ i,r). 

Example 6.4. Let T p = ZA 00 /(p) be a tube of rank p for some p > 1. This is 
a stable translation quiver for the translation induced by the translation of ZA^. 
Since Xi >n = P n (xi, . . . , £i +n _i) for every i G Z/pZ, n > 1, it is straightforward to 
see that the cluster mesh algebra of the tube of rank p T p is 

A(T p ,t) = Z[xi\i G Z/pZ}. 

We now prove that if T is a tube of rank p > 1 in the Auslander-Reiten quiver 
F(fcQ) of an afhne quiver and if Rq, . . . , R p -\ are the quasi-simple modules of T, 
then the cluster-mesh algebra A(T P ) is isomorphic to the Z-algebra generated by 
Xr , . . . ,Xr p _ 1 . We will first need some technical results. 

The following result is classical, we give the proof for completeness. 

Lemma 6.5. Let Q be an affine quiver, T be a tube of rank p > 1 in T(kQ) 
and Rq, . . . , R p -\ the quasi-simple modules in T. Then {dimRo, . . . , dimi? p _i} 
is linearly independent over Z. 

Proof. We assume that the quasi-simple are ordered in such a way that ri?j = R4-1 
for all i G Z/pZ. Then, for any i G Z/pZ, we have 

dimExt^,E,) = { J H=^r e 1] 

and 

dimHom fc0 (J2 i> ^) = { J ^heTwise. 

Fix a zero linear combination Y^jZo Ajdimi? 3 = with Aq, . . . , A p _i G Z. For 
every i G [0,p ~ 1], the linear form (— ,dimi?i) applied to this equality gives 

A,; — Aj_l = 0. 
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Thus Xi = Xj for all i ^ j and we denote by A this common value. Then 

p— 1 p— 1 

= A., dim Rj = X dim Rj 

3=0 j=0 

and A = 0. □ 

Lemma 6.6. Let Q be an affine quiver, T be a tube of rank p > 1 in T(kQ) and 
Rq, . . . , Rp-i the quasi-simple modules in T . Then {Xjjji £ Z/pZ} is algebraically 
independent over Z. 

Proof. Let P(ti, . . . , t p ) — X^ewp a v^\ ■ ■ - tp p £ Z[ij., . . . ,t p ] be a polynomial such 
that 

= P(X Ro ,...,X Rp _ 1 ) 

But for every v £ W , dim 0^ =o R%* — Xa=o ^idimi?;. Thus, Lemma 1531 implies 
that dim ®f =0 i?^ ^ dim 0f =o -Rf ; is v ^ \i £ W . In particular, it follows from 
|Dup08[ Proposition 4.18] that the X^ P R ", are linearly independent over Z and 
thus, a v = for every v £W and P = 0. This proves the lemma. □ 

Thus, we proved : 

Proposition 6.7. Let Q be an affine quiver and T be a tube of rank p with quasi 
simple modules Rq, . . . ,i? p _i. Then, there is an isomorphism of Z- algebras 

Z[X Ri \i = 0,...,p-l]~A(T,r). 

Proof. Let A' = Z[X^\i = 0, ...,p— 1]. According to lemma HOB there is an 
isomorphism of Z-algebras <\> : A(T,t) — > A 1 sending Xi to Xn t . Moreover, it 
follows from Theorem 15. II that <fi(xi tn ) = X R t, n ) for every i £ Z/pZ, n > 1. □ 

Remark 6.8. If Q is a wild quiver and 7?. ~ ZAco is a regular component in T(kQ) 
whose quasi-simple modules are denoted by Ri, i £ Z, it follows from Theorem 15. II 
that there is an epimorphism of Z-algebras (j> : *4(ZAoo,t) — >Z[i?;|i £ Z] sending 
Xi to Xni- For any i ^ j £ Z, it is known that dimi?j ^ dimi?,, (see e.g. |Zha89j ) . 
In particular, Caldero-Keller's denominator theorem implies that the denominator 
vectors of X Ri and X^ are distinct (see [CK06 ). Thus, the family {Xu^i £ Z} 
is infinite in a field T = Q(ttj|i € Qo) having a finite transcendence basis over Q. 
Thus, the X Ri , i £ Z are not algebraically independent over Z and <p is not an 
isomorphism of Z-algebras. 



7. Multiplications in regular components 

We now prove multiplication theorems for cluster characters associated to inde- 
composable modules in regular components. 

7.1. The affine case. In this subsection, we assume that Q is a quiver of affine 
type. Let T be a tube of rank p in T(kQ). As usual, we denote by Ri,i £ Z 
the quasi-simple modules in T ordered such that tRi ~ R4—1 and Ri+ P ~ Ri for 
every i £ Z. Let M, N be indecomposable regular modules contained in T. Up to 
reordering, we can assume that M — R^ and N = Rj for some integers m, n > 
and some j £ [0,p — 1]. 
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Theorem 7.1. Let Q be an affine quiver and T be a tube of rank p in T(kQ). 
Let m,n > be integers and j G [0,p — 1]. Then, for every k G Z such that 
< j + kp < n and m > n — j — kp, we have the following identity : 

X R (m)X R („) = X R (m+j+k P ) X R (n~j~k P ) + X R (j+kp-l) X R (m+j+kp-n-l)- 

Proof. Let k be in Z such that < j : + kp < n and m > n — j — kp and set i = j + kp. 
Let Qi+ m be the quiver of Dynkin type A equipped with the following orientation 

■< 1 ■* 1 i + m-l 

For any r E [0, i + m — 1], we denote by SV (resp. P r , 7 r ) the associated simple 
(resp. projective, injective) /cQi +m -module. Let X£ be the Caldero-Chapoton map 
on CQ i+m . Consider the epimorphism of Z-algebras: 

Z[X' Sr \ie[0,r + m-l}] — > Z[X Rr \r E [0,p - 1]] 

Now if S'r™' is any indecomposable regular /cQi +m - module, it follows from Propo- 
sitionOthat X' ln) = P n (X' Sr , . . . ,X' Sr+n i ). As TheoremCTimplies that X rW = 

P n (Xn r , . . . ,Xr n _ 1 ), it follows that then <fi(X' (n) ) = X („) for any indeconipos- 

able fcQm+i-niodule S^™- 1 . 

Since < i < rt and m > n — i, we have 

Ext^ i+m (S< m \ S<*>) * Hom feQi+m rS< m >) - * 
and there is a non-split exact sequence of fcQi+ m -modules given by 

n . (?(«) . o(i+ m ) tr, c(n-i) Q (m) „ 

Thus, applying Caldcro-Kcllcr's multiplication formula, we get 

where P = ker/ © r _1 coker/ for any ^ / E HonifcQ i+m (fig , tS'I" 1 ' 1 ). 

Now, for every r G [0,m + i — 1], we have P r ~ S^ 1 ^ an< ^ — »S'r m ~ H_r ' ) so 
that Hom fcQm+n (S'^ n) ,TS , | m) ) ~ Hom feQm+ii (P„_i, rh). Fix now some / ^ in 

HonifcQ m+n (P n _i, r/j). A direct computation proves that ker / ~ Pj-a — Sq 
and coker / ~ rL n+ i. Thus, 



and 



R ~ c( i - 1 ) m o(m+i-n-l) 
-° — D W D ra+1 



•n+i 
+ 1 



Applying <f> we get 



which proves the theorem. □ 

We now prove that the multiplication provided by Theorem 17.11 can be inter- 
preted as a Hall product in the cluster category Cq . 

Corollary 7.2. Let Q be an affine quiver, T be a tube in T(kQ) and M, N be 
indecomposable regular modules in T such that Ext fc g(iV, M) ^ 0. Then, there 
exists two regular kQ-modules B.E in T such that 

XmXn = Xe + Xb 
and such that there exists non-split triangles 

M — >E — >N — >M[1] andN — >B — >M — > N[l] 
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in Cq. 

Proof. Let Ri,i £ Z denote the quasi-simple modules in T ordered such that rRi ~ 
and Ri+p ~ Ri for every i 6 Z. Up to reordering, we can assume that 
M = Rq and N = for some integers m, n > and some j £ [0,p — 1]. 
It is known that Extjf.g(A, M) / if and only if there exists k £ Z such that 

J < j + kp < n ; 
1 m > n — j — kp. 

Fix any k £ Z such that < j + A:p < n and m > n — j — kp and set z = j + 
Since T is of rank p, it follows that Ri ~ 

We know that Ext^ Q (i? l (m) , i?^ n) ) ~ Ext£ Q (i^ n) , ri? 2 (m) ) ^ 0. More precisely, 
there is a non-split short exact sequence 

0^ M ~ i4 i+m) © # _i) ^^ m) ^ A^ 0. 

in fcQ-mod inducing a non-split triangle 

M — > 4' +m) © fl$ n_0 — > M [1] 

in Cq. 

Also, there is a non-zero morphism / : Rq — trRj in kQ-mod such that 

ker/ ~ Rq -1 ^ and coker/ ~ jj>(™+»-«-i) go ^here j g a n0 n-split triangle 

tN[-1] — ► ker/® coker /[-l] — > M ^ tN 
in D b (kQ) inducing a non-split triangle 

tf— > J# _1) 8 flgj*-"" 15 — > M ^> A[l] 

in Cq. 

The corollary thus follows from Theorem 17.11 □ 

Example 7.3. Let Q be an affine quiver such that the Auslander-Reiten quiver 
T(kQ) of kQ-mod contains a tube T of rank 4. We denote by Ri,i £ Z the quasi- 
simple modules in T such that i?i+4 ~ i?i and rRi ~ iij— i for any i £ Z. We want 
to compute the product I&I (3) where A"? denotes the Caldero-Chapoton map 
on Cq. 

Consider the quiver 

Q 8 : 1 < 7 

and denote by A? the Caldero-Chapoton map on Cq s . Caldero-Keller multiplication 
theorem for A, implies 

^5o X s<3) = X sW +X ' S y 

and 

Consider the epimorphism : Z[A^. |i = 0, . . . , 7] — > ZfA^ \i = 0, . . . , 3] sending 
Ag. to A^. Applying to these equalities, we obtain 

XR X R (3) = A fl (4) + A fl (2) 

and 

Afl A fl (3) — X R W + "^S< 2) 

so that 

2Xr X r (3) = X R (4) + X R (2) + X R (4) + A fl (2) . 
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Remark 7.4. We now investigate the connections between Theorem 17.11 and the 
multiplication formula given by Xiao and Xu. Let T be a tube of rank p > 1 in the 
Auslander-Reiten quiver T(kQ) of an affine quiver Q whose quasi-simple modules 
are Ri, i £ Z ordered such that Ri+ P ~ Ri and ri?i ~ Ri-i for any i S Z. We also 
denote by T the full subcategory of kQ-vaod generated by objects in T. Let X? be 
the Caldero-Chapoton map on Cq. 
Let be the double infinite quiver 

A- : 1- 0- 1- 



and let rep(A^) be the category of finite dimensional representations of A^ over 

(n) 

k. We denote by Si the simple representation at vertex i for any i £ Z and by 5$ 
the representation of length n with socle Si for any i £ Z, n > 1. It is well known, 
that T is equivalent to the orbit category rep(A^)/(r p ). We choose an equivalence 
sending S^ to R^ for any i £ Z and n>l. 

Fix M and N two indecomposable fcQ-modules in T such that ExtJ,g(A^, M) ^ 0. 

Without loss of generality, we assume that M ~ R^ and N ~ Rj for some 
m,n > 1 and j <E [0,p — 1}. We fix 

fco = max {fc|0 < j + kp < n and m > n — j — kp} 

which is a well defined integer since Extj^Q (iV, A/) 7^ 0. We set i = j + kop. 

Then, the wing at vertex Sq"^ in rep(AJ^) is equivalent to the category kQ m+ i-mod 
and this equivalence sends the simple representation Si of rep(A^) to the simple 
^Qm+j-module Si for any i £ [0, m + i — 1]. 
We have the following identities : 



Ext fcQ (-Rj i Rq ') — @ Ext A~ (^j+ip ' ^0 ^ ) — @ Ext fcQ m+i C^i+ip ' ^0 



>M R (»)^0ExtI.(5^,4 n) ) 
Let XI, be the Caldero-Chapoton map on CQ m+i . For any I £ [0, &o], we have 



X„( m ) X , n) — X 0+!p+m) X ( „_j_ !p ) + X ( j +ip _i)X (m+:i ,.. ,,. 



giving 



1+1 



X ( m )X (n) — X (j + lp + m )X D (n-j-lp) + X (j + lp-l)X ( m + j + lp- 



Summing up these equalities when I runs over [0, kg], we get 

(4) 

feo 

dimExt[.g(A r , M)XmXn = yX R (j+i P +m) X R (n-j-i P ) + X R (j+i P -i)X R (m+ 3 



1=0 



Note that all the terms occurring in the right hand side are actually middle terms 
of non-split triangles involving M and N in Cq. In XX07 , the authors give, in 
much more general settings, an expansion formula for dimExt^g(X, M)XmXn as 
a Z-linear combination of Xy where Y runs over the set of middle terms of non-split 
triangles involving M and N in Cq. It is not clear whether their result coincides 
with equality ([!]). 

Note that Theorem 1 7. II is slightly more precise than the multiplication provided 
in [XX07] since it allows to express XmXn as a Z-linear combination of Xy's 
whereas the Xiao-Xu's multiplication theorem only allows to express teh whole 
term dim Ext^g (N, M)X M X N Z-linear combination of Xy's. 
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7.2. The wild case. We now prove an analogue of Theorem l7.1l for regular modules 
over the path algebra of a wild quiver. 

Theorem 7.5. Let Q be a wild quiver and 1Z be a regular component in T(kQ). Let 
Ri,i G Z denote the quasi-simple modules in T ordered such that ri?j ~ Ri-i for 
any i£Z. Let m, n > be integers and j G Z such that < j < n and m > n — j . 
Then, we have the following identity : 

X B (m)X„(n) = ^p(m+j)J„(»-j) + X „(j - 1) X „(,„+ j - „ - 1 ) . 

Proof. Let Qj+ m be the quiver of Dynkin type A equipped with the following 
orientation 

■< 1 ■*■ • ■ ■ ■< j +m—l 

and let X? be the Caldero-Chapoton map on Cq, +to . 
Consider the epimorphism of Z-algebras: 

Z[X' S \r G [0,j + m- 1]] — > Z[Xjj r |r G [0,j + m- 1]] 

Now if S 1 ^ 11 is any indecomposable regular kQj +m -modnle, we know from cluster 
mesh relations that <fi(X' (n) ) = X^) . 

Since < j < n and m > n — j, we have isomorphisms of k- vector spaces 
Ert^ +m (Sj m >,4*>) ^ Hom Qi+m (^,r5] m) ) ^ fc. 

As in the proof of Theorem 17. H we get 

°j °0 °0 J j °0 + l 

and thus, applying tfi, we obtain 

X„( m )X („) = X < m +j)X +X (j-i)X ( m+J --„-i) 

rtj « "0 K j H H n, + 1 

which establishes the theorem. □ 
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